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UN CTHE AMPLE SFRVICE ASSUMPTION OF PALM'S
THEOREM IN INVENTORY MODELING
by

Donald Gross

1. Introduction

An appropriate inventory policy in many situations is a one-for-
one ordering policy [continuous review (s,S) policy where s = S-1 ].
That is, when a demand for an item arises, an order is immediately
placed for a replacement. 1t is desired to find, then, the optimal
value of the safety stock needed to support such a policy so that there

is a control on both stockout probability and inventory investment.

Such a policy is most often used for items which are expensive
and important, so that inventory investment and shortages are signifi-
cant factors. Also, most repairable item inventory models fall into the
one-for-one ordering category, as failed items are usually dispatched
immediately to a repair facility upon failure. The METRIC class of
models [see Muckstadt (1973)], one of the most useful multi-echelon

models currently available, uses such a policy.

A key factor in these types of models is often the "ample server

assumption;" that is, orders to be filled or items to be repaired never
queue up but go into "service'" immediately. Statistically, this means

that successive order replenishment times (or repair times if we are

e sk




PO s b art e R AN . St B 4O A 5 RARLS SAPAII ht r Y s e i 1 gl g Ol

|—-/.', B
[
calwing about repairable items) are fndopendest,  This assumplion a.icvs
A one to take advantage of Palm's Theorem from queueing theory, which
F states that if demand is Poisson [or compound Poisson--se¢e Feeney and
[ Sherbrooke (1966)), and there are ample 'servers,'" then regardless of
the distribution of order replenishment times, the state probabilities
ﬁ depend on the replenishment time [see Hadley and Whiton (1963), pp. 209
f If., for cxample). In fact, letting N represent tie stlauy stalc
%, number of orders outstanding, XA the mean demand rate assuking .o
; Poisson distribution, and | the mean replenishment lcad time,
n _-Al
Pr(N=n) ~ #(n) = (—M%i-—— } (i)

AT TpEE Y

[ we denote the steady state on-hand inventory by 7  and casume ¢ol-

plete backordering, then we have Z = S-N and
Pr(Z=z) = p(z) = (S-2z) . (2)

Using this relationship, it is easy to set up cost equations in terms of
the decision variable § to be minimized. Since a shortage cost in
many cases may be hard to assess, a service level constraint is often
used instead. Fill rate (the percentage of requests filled immediately
from on-shelf inventory) is one such constraint in wide use. Denoting

the [ill rate by F | we have

poa 2= P P§(£<ﬂ X 100

(1 - Pr(Z<0)] v 100

(1)

L - ) ()| x 100
n=S

s-1
Yy oa(n)| < 100 .
n=0

Now suppose there is not ample service in the order filling (or
repair) process, The question we seek to answer is, "What effect does
this have on the calculation of S and on the actual F to be realized!"

Atter all, one might argue from the inventory manager's point of view

-2 -
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it i, o Che Leerawe, an oorder takes 0 time units 1o be received

atter beiny pilaced, what difference does it make if it spends part ol
its time waiting in a queue to be processed or if ir goes into process-
ing immediately?  The answer lies in the fact that if queueing occurs,
successive replenishment times are correlated and the distribution of

a(n)  can be radically changed.

: .oAmpie servess versus Singie Server Cases

Juosee the efrfect of introducing correlation  in successive ocder
repleiisament tines let us suppose that instead of a potencially infi-

" (or repair channcels), there is only one.

Do aumber ol Morder plexers'
Furtier, iet us assume that ovder filling times are exponentially dis-

tributed with mean witbe . Equation (1) still suffices for the ample

server case (with 7 = 1/u ), and in terms of queueing notation we call
i this the M/M/~ model with mean arrival rate A and mean service rate
o (=10 .

l'or the single server case, we have an M/M/1 model, still with

mean arrival rate A, but with a mean service rate of 4 # 1/1 . Here,
is equal to the total expected waiting plus service time to process

an order (which is usually denoted as W 1in standard queueing notation).

Further, from M/M/1 queueing theory,
L=We= oy (4)

so that the 0 to make the M/M/1 "equivalent” in terms of mean lead

Lime to the M/M/+ is then [rewriting Equation (4)]

b= ot (5)

Now the difference between the two systems can be clearly seen.
Denot ing the steady state probabilities for the ample server case by

" (n) JFkquation (1)] and the single server case by ﬂ](n) , it can

readily he shown | see, for example, Hillier and licberman (1980), p. 418}

that
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= (l_l+)\1)<l+ﬂ) = <+> JESY A (e

Note that in the ample server case, the steady state probabili-

—

ties that n orders are outstanding are Poisson, while for the single
server case the steady state probabilities are geometric, even though
the mean wumber of orders outstanding is the same, namely, v | Lac o

leadtime demand. As we shall see later, in certain cases (certain Jai-
ues of Al ), sizable discrepancies in 8 and F can resuit Ircem as-
suming an ample server situation when in reality there is only a single

server, oven though the mean replenishment times are the same.

T s o S KA i b g o ey P B PRI A XA T Y Wl 1

3. Ample Servers versus Multiple Server Case

The M/M/® and M/M/1 cases are the extremes. We consider now
"equivalent” M/M/c systems for comparison to M/M/*. The time in system

(waiting plus service) for an M/M/c queue is given as
c 2
LW T/ (e=1)! (cu=2)

c-1 L[\ 1 AN\ e
Yol v ) s
neo 0P\ c! \u/ \ep=a

=0

1
1= W o= =+ . ,
y N

It is now necessary to cmploy numerical solution techniques to find the

desired 1t which will enable the calculation of the nc(n) . We know
that
%f\ p < HIM H (8)

that is, the resulting U will be somewhere between the M/M/+ and M/M/1
cases. A Newton-Raphson procedure was easily employed to calculate 1 ,

and once having done so, we have from queueing theory

AP
m (0) , n<ce
n c
n! u
wc(n) = . (9)
n
e, m M@ e
c c! |

where
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n=0
Thus the resulting fill rate becomes
S-1
F=| )y w (| x100 . (16}
s S
_n=(
v Fl's and 5T ontailnes whon anlo on
Glipac SoTVeL aesapidoa i G situation wacre service ds ool cToL wni g

that in, lor part ui Lhe replenisament leadtime foems may wWoil o0 o«
Glleth
,

Resuils

i, Numericda:

The calceularions for S are performed by setting a desived iill

rate Jevel, say 2 , arc solving for the S such that

5-1 just
100 ) si(n) ~ > F, (ny
n=0
cor Lhe ampic scerver casc, ﬁnﬂn) {from Equation (1)} is used in hqua-
tion {(I1), while for the "equivalent" ¢ server case,  (n) J|irom
bl ¢ .
baguat fon (4) ] is utilized. The regpective S's obtained we denote by }
S and 8,
. R
I in reality, we truly had an M/M/c system, but were using the 3
ample service assumption to calculate S , that is we stock S, then
A
the true [ill rate P8, 1 ) feall ¥ is
t
: S -1 !
o B
F = ) nc(n) X
n=0

and may be dess than ), since § < Sc for all reasounable values of

. e this tvpe o Merror'” which is of interest.
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Another "error" of interest involves the :xpected average back-
order level (which is sometimes used instead of fill rate as a service
level constraint). For a safety stock level of § units, the expected

average backorder level is

7 (n-S)m(n)

B =
n=3
(12)
S-1
= L-S- )} (@=S)nm ,
n=0
where L 1is the expected number of orders outstanding, that is,
L = Z an(n)
n=0
AT, ample service ,
(13)

n

-1
A O/ A Cil 1 /A 10 eu ]
=y = (2} + = 2) (= ,
" [(c—l)!(cu—x)z] [n=0 n! (U) c! \u) (cu—k)

C servers .

Thus if we provision based on ample servers, that is, stock ac-
cording to S , our expected average backorder level E(SO,HL) [call
(V> N ~

B ] is

>

S -1

[e o}

B, = L -S_ - ] (n=S)7 (n),
n=0 ¢
whereas had we used the "correct" modeling assumpiions, accounting for
the fact that only ¢ servers are available, our expected average back-
order level would have been B(Sc,ﬂc) [call E; ], namely,
S -1
_ c
B, = L -S_- ) (n=S )7 _(n)
n=0
If in reality we had ample service, the expected average backorder level

would have been E(Sw,nm) [denote by B* ], specif’cally,

S -1

Bx = L_-S_- ) (n-S)7_(n)
=0




Table 1 shows the input and output quantities used for the nu-

merical analyses. We calculate several possible "error' measures on
fill rate and backorder level as defined in the table. For fill rate,
we look at three quantities. First we compute the percent difference
between the actual fill rate attained (F,) assuming ample service and

using S_ ~nd the fill rate we should have gotten (FC) by stocking
SC had we correctly accounted for the fact that only ¢ servers werc

available. T7This we call DF . Next we compute Df , the perceat that

(o 0]

the actual fill rate, F_ , is below our goal F . For the cases where

5. = SC , there is no error and we set Dﬁ to zero, since for these

A
cases we always either achieve or exceed the goal F . Tre final mea-

sure on fill rate we compute is DF* , the percent difference between

what we think we are achieving by assuming ample service (F*) and

what we are really achieving (F_ ) .

For expected average backorder level, we compute two measures,

namely, D§ , the percent difference in B for a ¢ server system if

o

we stock under ample service conditions--that is, using S, instead of

the correct SC -~and DE* , the percent difference in the perceived

(believing we have ample service) and actual (witl ¢ servers) B's

Figures 1, 2, and 3 show the output of the cases coisidered,
namely, for F of 80% (Figure 1), 90% (Figure 2), and 95% (Figure
3), we have computed the error measures for combinations of AT = .25,
.50, 1, 5, 10, 15, ..., 50, and ¢ = 1,3,5,10,15,20,25 . [t appears
that the lavger errors occur for the larger values of AT and smaller
values of ¢ , as we would expect. Also, the three fill r.ite measures
seem to track quite closely with each other. Note that th: magnitude
of the percent error for the backorder measures i¢ much hi;her than

that for the fill rate measures, with Dﬁ* being an order of magnitude

higher than Dg , which itself is almost an order of magn tude higher

o

than the DF measures.




TABLE 1

FACTORS IN THE NUMERICAL ANALYSES

S R O e
( Symbol Definition Formula !
—
B
INPUT
CF Desired fill rate Input
|
! AL Mean demand over a replenishment lead- Input
| time
i
t
c Number of servers (order ''pickers" or Input
i repair channels)
|
OUTPUT |
S -1
~ % Just | ;
S, Safety stock required to achieve F if 2 i) > F ;
ample servers available n=0 ‘
N Sc—l .
S Salety stock required to achieve F \ Just .
c z T (n) > F
ur.der ¢ servers (S > S ) e c
c = T n=0
- . . . . S -1
F* Actual fill rate achieved using §S_ it oo
the true state of affairs is ample F* = Z n.(n)
service n=0
X . . S -1
F True fill rate for ¢ servers stocking c
¢ with S (F_ > f) F = )} 7 (n)
c c - c c
n=0
F Actual fill rate achieved for ¢ serv- 5,1 |
ers stocking under the assumption of
ample service; i.e si S (F <F) Fm = z TTc(n) 3
ample v ’ -€., using oy o= ¢ n=0 t‘
{
Dp Percent difference actual fill rate is F ~F_ ;
i below correct fill rate when stocking D, = %, x 100 §
for a c~server system but using the o0 c ?
ample service assumptions ;
DE Parcent actual fill rate is below fill Dﬁ = max [0,
rate goal when stocking for a c-server FoF
system but using the ample service as- - < 100]
sump=ion P
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TABLE l--continued

| |
' Dps Percent actual fill rate is velow as- I
! sumed fill rate when stocking for a c- D - o 100 |
] server system but using the ample ser- F* F* |
g vice assumptions E

Dy Percent {aorecsc in expected average Eéfﬁc |

o backorder level when stocking for a c- D§ = ——— % 100
server system but using ample service o Bc

| assumptions )
! DE* Percent actual expected average backor- _
i der level is above assumed expected av- B _-B,
; erage backorder level when stocking for DE* = —— x 100 !
: a c-server system but using ample ser- B*
i vice assumptions
i i

All values for the error measures in Figures 1, 2, and 3 are
given in percents so that, for example from Figure 2, for F = 907 ,

M =20, ¢=5, D, shows a 17.93% error, Dﬁ a 17.47% error, and

9]

DF* a 19.457% error, while DE shows a 170.67% error and DE* a

o

3,113.817% erzor! Of course, Dﬁ* shows such large errors because if we

think we have 2mple service, we expect a very low average backorder
level (namely, 0.14 units) while in reality we have a level of 4,52

units, which is a large percentage change from 0.14. Had we correctly

used the stccking criteria for five servers (SC = 45) , then our ex-

pected average backorder level would have been 1.67 units. Perhaps in
terms of backorder measures, one should also keep in mind the absolute
error as the nercentage error is distorted by the small "base' upon

which it is calculated.

While errors are larger for larger values of AT and smaller
values of ¢ , there is not always strict monotonicity which, we believe,
is due to the discrete process required in calculating S to satisfy

the inequali:y constraint on fill rate goal F . For example, from

-9 -
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Figure 2, Al = 25 , we see that the percentage :rror in DE increases
o

slightly when going from C =1 to C = 3 , although this is a rather

rare situation and the general trend is decreasing. The "nonmonotonic-

ity" is somewhat more common when fixing ¢ and observing the errors as

AT increases. Again, even in cases where there is not strict monoton-

icity, the violations are small and there still remains a general trend.
Figures 4 through 18 show graphs of the error ranges of the DF

and DE measures on the AT versus c¢ space. A definite pattern

emerges even though in a few cases the nonmonotonicity shows up. The

ercor band lines are purposely plotted as "fuzzy,'" since the grid is not

fine enough to obtain precise boundaries.

These graphs do show clearly that for large AT and small c ,
the percentage error can be sizable. Also, errors for comparable cases
(same AT and ¢ ) become larger as F is increased. This can be seen
by looking at comparable measures for the three F situations; for
example, by comparing Figures 4, 9, and 14, or Figures 7, 12, and 17, and

so forth.

While the general direction of large errors (larger AT , smaller
¢ , larger F) may not be surprising, the actual magnitude might be,
Certainly, one should give careful thought prior to employing the ample
service assumption,

Figures 19 through 24 give plots of DF aud DE versus AT

© oo
for various ¢ values, and F's of 85%, 90%, and 95%, respectively.
These sets of curves can be used to find the error (or approximate error
if interpolation is necessary) in assuming ample service when in reality
it is not. Keep in mind that these results assume exponential lead

times in the nonample service model, and that the stockage criteria are

based on fill rate control.
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